We study the instantaneous Stokes flow near the apex of a corner of angle 2␣ formed by two plane stress free surfaces. The fluid is under the action of gravity with g ជ parallel to the bisecting plane, and surface tension is neglected. For 2␣Ͼ126.28°, the dominant term of the solution as the distance r to the apex tends to zero does not depend on gravity and has the character of a self-similar solution of the second kind; the exponent of r cannot be obtained on dimensional grounds and the scale of the coefficient depends on the far flow field. Within this angular domain, the instantaneous flow is deeply related to the ͑steady͒ flow in a rigid corner known since Moffatt ͓J. Fluid Mech. 18, 1 ͑1964͔͒ and, as in that case, there may be eddies in the flow. The situation is substantially different for 2␣Ͻ126.28°, as the dominant term is related to gravity and not to the far flow. It has the character of a self-similar solution of the first kind, with the exponent of r being given by dimensional analysis. The solution cannot be continued in time since it leads to the curling of the boundaries. Nevertheless, it provides information on how such a cornered contour may evolve. When 2␣Ͻ180°, the corner angle does not vary as the flow develops; on the other hand, if 2␣Ͼ180°the corner must round or tend to a narrow cusp, depending on the far flow. These predictions are supported by simple experiments.
I. INTRODUCTION
The solutions of the biharmonic equation in plane geometry within a corner bounded by two planes have received considerable attention and have been applied to Stokes flows and elastic deformations. [1] [2] [3] [4] [5] [6] The authors have dealt mainly with cases involving two rigid surfaces or a rigid surface plus a free surface, but the problem of an unsteady viscous flow near a cornered free surface has not been the central issue of reported papers. The way in which such a corner evolves may be of interest in describing, for instance, the releasing of a molded soft object from a matrix. The main assumption in this kind of treatment is that the flow pattern near the apex is determined ͑in an asymptotic sense͒ by the value of the corner angle and by the boundary conditions at the corner sides, whereas the far flow determines only the symmetry and the intensity of the velocity field. In other words, the dominant term for the distance r to the apex tending to zero has the character of a self-similar solution of the second kind and can be obtained ͑to within a constant factor͒ without solving the complete physical problem.
On this basis, Moffatt 1 calculated the Newtonian steady flow driven by a distant disturbance in a cornered region bounded by two planes at an angle 2␣. He showed that when both planes are rigid, no-slip surfaces at rest and the flow is antisymmetric, eddies of decreasing size and intensity appear for 2␣Ͻ146.3°͑see also Hasimoto and Sano 7 and references therein͒. He also found that eddies cannot exist when both planes are ''free'' surfaces ͑in his terminology͒; to ensure steadiness, he did not impose a boundary condition on the normal stress, which was supposed to be balanced by an ad hoc external inviscid flow. Futhermore, the gravitational body force was not included in his treatment.
Here, we study an analogous problem with stress free surfaces ͑see Fig. 1͒ , i.e., both the tangential and normal stresses are set to zero at the planes. In addition, we study the effect of gravity g ជ supposed parallel to the bisecting plane, corresponding to the origin of the azimuthal coordinate . Since there is no reason for the stress free surfaces to coincide with streamlines, the solution is valid only instantaneously or, at most, for a short time, because of the curling of the free boundaries. Since surface tension is neglected, we estimate the size of the region where this assumption holds.
The solution for the streamfunction is split into two parts. One corresponds to inhomogeneous boundary conditions ( g ) and accounts for the gravity effects, and the other ( h ), based on homogeneous boundary conditions, is related to the part of the flow driven by a distant disturbance. For r→0, the solution reduces to the leading term, thus taking the form ϭr ϩ1 f (). We find that if 2␣Ͻ126.28°, the leading term comes from g , and has the character of a self-similar solution of the first kind, with both and f () being independent of the far flow. 5 Only for larger angles the dominant term comes from h and has the character of a self-similar solution of the second kind; the coefficient of f () depends on the far flow and cannot be obtained on dimensional grounds.
The homogeneous part of the solution studied in this work ͑and so the dominant term for 2␣Ͼ126.28°) is deeply Even if the solution describes only the way in which an actual flow starts from the initial configuration ͑for instance, after the releasing of a molded soft object from a matrix͒, the results are not devoid of some practical and experimentally verifiable direct consequences concerning the evolution of an initially cornered free contour. An apical region of decreasing size maintains its triangular shape as the flow evolves provided 2␣Ͻ180°. If 2␣Ͼ180°, the evolution of the entry corner is also at least qualitatively predictable and may lead to a rounded or cusped entry depending on the distant flow.
II. SEPARABLE SOLUTION OF THE BIHARMONIC EQUATION
Following Moffatt, we take advantage of the linearity of Stokes equation in terms of the stream function, ٌ 4 ϭ0, and expand in a series of the type
The angular function is given by
and the exponents n are real or complex numbers ordered according to their real part as
If the constants A n , B n , C n , D n and n are complex, the real part of Eq. ͑1͒ is understood to be relevant. Relationships between the coefficients A n , B n , C n and D n for each exponent n are obtained by using the boundary conditions at the free surfaces conveniently expressed in terms of the velocity components,
Note that the first of the inequalities in Eq. ͑3͒ ensures that the velocity vanishes for r→0. On the free surfaces, ϭϮ␣, both the tangential and normal stresses must be zero, i.e.,
where p is the pressure and the viscosity. Upon substitution of Eq. ͑4͒, Eq. ͑5͒ gives
On the other hand, p is given by integrating the radial component of the Stokes equation,
where is the density; thus, Eq. ͑6͒ leads to
͑9͒
with ϭ/ the kinematic viscosity. Because of the right hand side, a term with n ϭ2 must necessarily be present on the left. Hence, we split the solution as
where the inhomogeneous part g balancing the right hand side of Eq. ͑9͒ is given by
and the homogeneous part is
in which the possibility of n ϭ2 within the sum is not excluded a priori. Thus, f 2 () must satisfy the inhomogeneous boundary conditions
while each f n () of the sum in Eq. ͑12͒ must satisfy Since the volume force is symmetric with respect to the bisecting plane (ϭ0), we restrict ourselves to solutions with the same symmetry, so that A n ϭC n ϭ0, ᭙n. Therefore, from Eqs. ͑13͒ and ͑14͒, we get
where the subscript g denotes the coefficients for g . Then,
͑19͒
Note that g is completely independent of the far flow; however, it is expected that the far flow determines the size of the region where g provides a good description of the flow. A typical streamline pattern corresponding to g is shown in Fig. 2 for 2␣ϭ105° . Note that g ϭ0 not only at ϭ0 but also at two lateral dividing lines. For smaller ␣, these separatrices tend to coincide with the symmetry line, and finally disappear for 2␣р90°. On the other hand, for larger ␣, they tend to coincide with the free surfaces as 2␣ approaches 120°. For 2␣ϭ120°, the streamlines are parallel to the free surfaces, so that g ϭ0 there; in this particular case, the flow corresponding to g is steady and then, if g were the dominant term in Eq. ͑10͒, the free surfaces would maintain their planarity. On the other hand, for 2␣Ͻ120°t he planes curve to open, while for 2␣Ͼ120°they curve to close; in both cases the apical angle remains constant.
As regards to the functions f n (), the boundary conditions Eqs. ͑15͒ and ͑16͒ lead to
sin͑2 n ␣͒ϩ n sin͑2␣ ͒ϭ0. ͑21͒
For n ϭ1, the above expressions are no longer valid, since in this case the angular function given by Eq. ͑2͒ must be replaced by
Now, the boundary conditions give DЈϭ0 ᭙␣, but BЈ 0 only for 2␣ϭ or 2.
As the exponents n (␣) are given by Eq. ͑21͒, the flow is completely determined by the coefficients B n , whose dimensions are L 1Ϫ n T Ϫ1 . The roots of Eq. ͑21͒ are plotted in Fig. 3 , where for the sake of simplicity only the real part is shown when n is complex.
Approaching the apex (r→0), the term with the lowest value of Re( n ) in Eq. ͑10͒ dominates. Then, depending upon the angle 2␣, the asymptotic solution is
where ͑with no subindex͒ is the first exponent in Eq. ͑3͒ whose coefficient B is non-zero. This result may be interpreted in terms of self-similar solutions; 5, 11 in fact, g is a self-similar solution of the first kind, whose exponent may be obtained from dimensional analysis and which is independent of the distant flow. On the other hand, is a selfsimilar solution of the second kind, whose exponent requires a quite different calculation and which involves a dimensional constant B related to the properties of the distant flow. Assuming that B ϭB 1 0, the transition between both self-similar solutions occurs at 2␣ϭ126.3°where ϭ2 ͑see Fig. 3͒ . However, this condition should be taken with care, because the coefficients for Re( n )Ͻ2 may be zero in some special situations. For instance, it is illustrative to consider the trivial case of a fluid at rest in a vessel under gravity (2␣ϭ); as the velocity must be zero everywhere, h must balance g , and then all B n ϭ0 except for B 2 ( 2 ϭ2) which is equal to minus B g (ϭg/57). The possibility of complex indicates that eddies of decreasing size and intensity may appear in the flow near the 
apex.
1,7 Two streamline patterns with and without eddies corresponding to in Eq. ͑23͒ are shown in Fig. 4͑a͒ and 4͑b͒ for 2␣ϭ120°and 165°, respectively. In particular, 1 is complex for 2␣Ͻ146.29°and exponents of higher order are also complex in some intervals for larger 2␣, as can be seen in Fig. 3 . These are properties of Eq. ͑21͒ which is the same as Eq. ͑3.5͒ of Moffatt 1 for the antisymmetric case of the flow near a corner bounded by two rigid, no-slip planes. A similar correspondence would exist between the antisymmetric flow with two free surfaces ͑not treated here͒ and the symmetric flow within two rigid boundaries. These analogies may be explained by resorting to an alternative description of Stokes flows in terms of the Airy function . It can be shown 5, 3 that the Stokes equation may be written as ٌ 4 ϭ0, while the zero stress conditions lead to ϭ‫ץ/ץ‬ϭ0 at ϭϮ␣. The problem thus posed is mathematically identical to the problem with rigid surfaces posed in terms of the streamfunction , in which the velocities are zero at the planes (ϭ‫ץ/ץ‬ϭ0 at ϭϮ␣). Moreover, the condition for an antisymmetric flow in the case of rigid surfaces is v r ϭr Ϫ1 ‫0‪ϭ‬ץ/ץ‬ at ϭ0. The same condition applied to the formulation in terms of , implies a null tangential stress r at the symmetry line ‫0‪ϭ‬ץ/ץ(‬ at ϭ0) and, in consequence, the flow represented by is symmetric. This explains why Eq. ͑21͒ is the same as in the problem of two rigid planes at an angle 2␣ for an antisymmetric flow. In contrast our solution is not related to the steady solution ͑without eddies͒ given by Moffatt 1 for the case of a corner between plane ''free'' surfaces. As indicated above, the reason is the difference in the conditions imposed on the bounding surfaces.
III. VALIDITY RANGE AND EXPERIMENTS
The condition that the Reynolds number must be negligible, i.e. Rϭ(r,)/Ӷ1, limits the region of validity of the solution along r. By considering both forms of Eq. ͑23͒ an upper limit is given by the requirements rӶ ͩ .
͑24͒
Furthermore, viscous forces must greatly exceed capillary forces, that is, the capillary number Caϭ(r,)/r␥ ӷ1, where ␥ is the surface tension. Now, a lower limit is given by the satisfaction of any of the following inequalities:
In summary, the conditions given by Eqs. ͑24͒ and ͑25͒ may be stated as
ͬ . The time interval in which the present solution holds may also be estimated. The rate of departure of the free surfaces from the initial planes, d␣/dt, is given by the angular velocity of a free surface element as
͑27͒
This implies that for Ͼ1 (2␣Ͻ180°), d␣(r)/dt→0 as r→0; therefore, the angle of the corner does not change with time, even if the free surfaces are distorted far from the apex. More specifically, an apical region of size r a maintains its triangular shape during a time ⌬t provided ⌬t͉d␣/dt͉Ӷ␣, whence
We observe this curious property in a very simple experiment, namely the spreading on a horizontal rigid surface of a long prism of silicon putty (Х10 5 dyn/cm 2 ) with an initial triangular cross section ͑see the insert in Fig. 5͒ . The size of the triangular section (hϳ6cm) is chosen much greater than the capillary length ͓(␥/g) 1/2 ϳ0.1cm͔ in order to reduce surface tension effects ͓see Eq. ͑25͔͒. In Fig. 5 we show the cross-sections of the apical region for 2␣ϭ90°at different times; the contour is obtained by illuminating the fluid with a vertical light sheet. In this case, the expected leading term must be given by g and, therefore, the far flow should not influence the flow near the apex. In fact, the permanence of the sharp edge at the top with a constant apical angle is observed for large times. Note also that the sides of the triangular section curl upwards, in qualitative agreement with g in which v ϳr 2 . The dotted line in Fig. 5 is the shape of the surface given by ␣͑⌬t͒ϭ␣͑0͒ϩv ͑ r,␣ ͒⌬t/r ͑29͒ for ⌬tϭ48s and v ϭϪ‫ץ‬ g /‫ץ‬r. The agreement with the experimental shape confirms the expected dominance of g in this case. When 2␣Ͼ180°, d␣/dt→ϱ at the apex since Ͻ1 ͑see Fig. 3͒ ; as a result, the angle must presumably tend to 0°or 180°, depending upon the sign of d␣/dt, which is now given by the distant flow through the coefficient B . Hence, the corner changes to a rounded or cusped entry. In fact, the tendency to form a cusped entry is shown in Fig. 6 , where the evolution of a triangular entry of silicon putty can be seen. On the other hand, by inverting the mold with the same initial entry in the silicon, the corner is rounded ͑see Fig. 7͒ , as the reversed distant flow changes the sign of B . The agreement of these qualitative results with the theoretical predictions verifies the fact that the leading term has in this case the character of a self-similar solution of the second kind.
In these experiments, the distant flow is determined by gravity and also by a given configuration of rigid walls at rest at a distance of order h. Therefore, on dimensional grounds, the constant B scales as B Ϸgh 2Ϫ /; the ratiobetween both self-similar solutions is given by g / Ϸ(r/h) 2Ϫ , i.e. the size of the region where the dominant solution holds ( g if Ͼ2 or 2␣Ͻ126.3°, and vice versa͒ is a given fraction of h.
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